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Poisson ratios of fee and bcc polycrystals are calculated for a variety of atomic models and the 
theoretical results are compared with experiment. In contrast with previously reported results, it 
is found that an accurate description of polycrystalline Poisson ratios of metals is obtained from 
the model in which the binding energy £bmd consists of a structure dependent part £ str and a 
volume dependent part £ V0| . Investigations are made of the general, inherent abilities of various 
subsets of this model to describe experimental polycrystalline Poisson ratios; these subsets 
include the Cauchy model (i.e. £ V0| is neglected in £bind) and the Milstein-Rasky model (i.e. the 
volume dependent contribution to the bulk modulus xv0| is neglected). In addition, specific com­
putations of polycrystalline Poisson ratios are made for the complete families of bcc and fee 
Morse function (Cauchy) crystals and for (non-Cauchy) models (simplified forms of which are 
suggested by pseudopotential theory for the noble metals).

Introduction

This is a study of  relationships between the Pois­
son ratios v o f  polycrystalline aggregates and the 
nature of interatomic interactions within the con­
stituent crystals. This topic has long been o f  theo­
retical interest; for example, Ledbetter [1] noted 
that many authors [2 -5 ]  “ have cited the deviation 
o f  v from 1/4 as proof that the interatomic potential 
has a non-central com ponent” . Ledbetter [1] com­
puted theoretically the Poisson ratios o f  polycrystal­
line aggregates composed of  randomly oriented 
body centered cubic (bcc) and face centered cubic 
(fee) single crystals in which the atoms interact 
solely through pairwise, nearest neighbor, central 
forces. He used the Voigt [6] and Reuss [7] averages 
as the lower and upper bounds on v and the Hill [8] 
arithmetic average as the “ best” theoretical value. 
For these models, he determined that v(fcc) =  0.261 
and v(bcc) =  0.364 (Hill averages) and concluded 
that “ a nearest neighbor model can predict the Pois- 
son's ratio of  cubic solids reasonably well” . Led­
better also attempted to improve his calculations by 
adding volume-dependent energy terms to model 
the kinetic, exchange, and correlation energies of 
the electron gas; these were of  the form £ voi =  
X  Aj Q  where Aj and rij are constants and Q  is the 
j
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atomic volume. However, he found the general 
agreement between observed and calculated values 
of v to be “ unaffected or worsened by including the 
effects of these electron-electron interactions” , and 
concluded that the model (consisting o f  central, 
pairwise interactions and the above form of E^0\), 
“although used frequently, is incorrect, at least for 
some of  the elastic constants.”

Here we examine several aspects of  the problem 
of relating interatomic forces and bcc and fee poly­
crystalline Poisson ratios. We begin by reviewing 
the expressions for the Voigt, Reuss, and Hill ap ­
proximations of the Poisson ratios; these are 
formulated in terms o f  dimensionless ratios of the 
single crystal elastic moduli. This formulation facili­
tates investigation of  the inherent ability o f  selected 
crystal models to describe accurately the Poisson 
ratios of polycrystals. (Following Ledbetter, we 
consider the Hill averages to be equivalent to the 
“best” theoretical values of  v.) We then review 
various model dependent relations am ong the single 
crystal elastic moduli and examine the implications 
of these relations for the polycrystalline Poisson 
ratios. For example, for a fee crystal with given 
values of the shear moduli or with given values for 
a shear modulus and the bulk modulus, the central 
force model generally is constrained to produce a 
polycrystalline Poisson ratio that is too high (when 
compared with experiment), irrespective of the 
detailed form of interatomic potential or the num ­
ber of neighboring atoms included in the summing
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procedure. On the other hand, we find (in contrast 
with Ledbetter [1]) very good agreement between 
experimental and theoretical polycrystalline Poisson 
ratios wherein the latter are determined from the 
model in which the binding energy per atom £ bind 
consists of a structure dependent part £ str (i.e. a 
summation over pairwise energies <P depending 
only upon interatomic separation r) and a volume 
dependent part £ voi (depending only upon the 
volume per atom Q ),

then

vol (1)

This agreement is demonstrated for specific forms 
[9] of the £ str and £ vo) contributions to (1). We also 
examine the role o f  more distant interatomic inter­
actions (i.e. beyond nearest neighbors) in the central 
force model (i.e. with the £ V0| contribution in (1) 
absent); we find that adding such interactions also 
improves the agreement between theory and experi­
ment, but not to the extent of adding the £ V0| 
contribution. Simplified models for crystal binding 
(such as those considered in the present paper) are 
widely used in studies o f  the solid state; thus it is 
important to determ ine the extent to which such 
models can reflect experimentally observed 
behavior.

Polycrystalline Poisson Ratios 
from Single Crystal Moduli

The Voigt [6] and Reuss [7] calculations of  the 
elastic moduli of  a polycrystal are the respective 
averages, over all possible lattice orientations, of  the 
relations expressing the stress in a single crystal in 
terms of the given strain (Voigt) and o f  the strain in 
terms of the given stress (Reuss). For an aggregate 
that is macroscopically isotropic, Hill [8] showed 
that

(2)

where K  and G are the actual polycrystalline bulk 
and shear moduli, respectively, and the subscripts V 
and R denote the values calculated in the Voigt and 
Reuss approximations, respectively. The Poisson 
ratio v of  the polycrystal can be written in terms of  a 
ratio of  two elastic moduli, say

T - 7[1/(1 + 3 / of)]. (4)

The Voigt and Reuss values of  i  are obtained by 
substituting the corresponding values of  G and K  
into (3); the resulting i  values are substituted into 
(4) to obtain the Voigt and Reuss values of  v.

For a bcc or a fee crystal [6 -  8],

K r — K v  — x 

5 Gv =  2// 4- 3 n ' ,

and

G » = $MM'
3 /.i +  2/u' '

(5)

(6)

(7)

where x is the single crystal bulk m odulus and /j. 
and n'  are the single crystal shear moduli (which 
are related to the single crystal elastic constants C,y- 
by x =  j ( C , ,  +  2 C l2), M = i ( C \ \ - C n )  and /// = C 44). 
From relations (2), (3), and (5), it follows that

a R ^  a ^  a v .

Since v is a monotonically decreasing function of  a 
for a >  -  3, and material stability requires a >  0, 
it also follows that

(8)

This inequality is evident from Hill’s discourse [8]; 
it was also employed by Ledbetter [10]. The Voigt 
and Reuss approximations of the polycrystalline 
Poisson ratio of  a cubic crystal can be written in 
terms of any pair of the ratios

(9)

For example, vv and vR are determined as functions 
of  c and £ by use of

and

xr =  5£  C/(3£ +  2 0

(10)

(11)

G / K  =  i (3)

in (4).
Since Gv and GR are upper and lower limits on G, 

Hill [8] suggested

Gh =  i (G r 4-Gv) and Gh =  (GRGv) 1/2 (12)

as good approximations to G. It then follows from
(3), (5), and (12) that the corresponding Hill 
approximation of  the Poisson ratio of  the poly­
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crystalline aggregate of  a bcc or fee crystal can be 
obtained by use of

*H =  { ( 2 v + 2 r )  and a h =  (av 2R) 1/2 (1 3 )

in (4).
If there exists a relationship (among the three fee 

or bcc single crystal elastic moduli) that reduces the 
num ber of  independent single crystal moduli from 
three to two, then the Poisson ratios in the Voigt, 
Reuss, and Hill approximations can be written in 
terms o f  a single ratio of the single crystal elastic 
moduli (i.e. q, £, or tf\. Examples of  such relations 
are considered in the following sections.

Crystal M odels and Single Crystal M oduli

For a cubic crystal with its binding energy given 
by (1 ) ,  the total external pressure P  and the elastic 
moduli x, jii, and n'  are obtained by summing the 
individual contributions of £ str and £ vol. (These 
contributions are denoted by the respective sub­
scripts str and vol; for example, P w\ =  ~  d £ voi / d ß  
and xv0| =  -  Q  d / \ 0| / d ß  are the contributions of 
£ v0| to P  and x, respectively.) However, at a given 
atomic volume Q,  the term £ vo! does not contribute 
to the shear moduli // or n'. Thus

P P\o\ ”1” T̂st,- , X  X voi +  xstr, (14)

H =  M =  Mstr ■ (15)

(Note that it is inaccurate to state that varying £ vol 
will not affect the value of  n  and / / ,  since a varia­
tion o f  £ vol, in general, will affect Q  (for a given P),  
which in turn affects n and /uf).

Milstein and Hill [11 ,  12] derived the following 
expressions for the structure-dependent contribu­
tions to x, ju, and

3 Xstr =  -p~  Z  t(m i +  2 m]  m \ )  0 "  ( r2)] + P stT, (16)

^str = ^ T  Z  [ K  -  m ]  m \ )  0 ” ( r2)] -  PstT, (17)

str = - ^ j - Z [ w i m l 0 " ( r 2) ] -  P str, (1 8 )

where a is the lattice parameter; n is the num ber of 
atoms in a conventional cubic cell; the summations 
are over the m x which are integers appropriate to 
the particular cubic lattice; and 0 "  ( r2) is the

second derivative of  the pairwise interatomic poten­
tial 0  with respect to the square of  interatomic 
distance r 2. Com bination  of (14 -  18) yields [9]

*vol — 2 P \0\ =  x — 2 P — n ' — j  M ■ (19)

For a Cauchy solid (central, pairwise forces only), 
xvoi and Pvoi are zero. If the external pressure P  is 
also zero, (19) reduces to the well known Cauchy 
relation

x =  +  (20)

which is of course equivalent to C )2 =  C44.
Milstein and Rasky [13] suggested that the elastic 

properties of  cubic crystals can be more accurately 
described by a model that allows arbitrary contribu­
tions to the pressure (including P str and P voi, as well 
as more complicated pressure terms, as, e.g., are 
included in pseudopotential or other more sophisti­
cated models), but in which the bulk modulus x is 
determined by (16) [as well as /.i and / /  by (17) and 
(18)]. The difference between the Milstein-Rasky 
crystal and the Cauchy crystal is that the total 
pressure P =  P M in the latter crystal, but not in the 
former. They also suggested that, for many fee 
crystals, it is reasonable to assume that the leading 
0 "  ( r 2) term dominates the 0 "  ( r2) summations of 
(16-18) .  The leading terms [11, 12] in (1 6 -1 8 )  
are, for fee crystals,

3 x SIr =  8 l / 2 « l [ 0 " ( « f )  +  2 0 " ( 2 Ä f )

+  1 8 0 "  ( 3 Ä ? ) + .  . . ] + / > „ ,  

/I«, = f 2 R l [ 0 " ( R l ) + 8 i > " ( 2 R l )

+ 184 > "( 3« { )  +  .

H i,  = 2 f 2 K , [ 0 " ( R f )  +  O 0 " ( 2 / ? i )

+ 18 4>"(3 *? )  +  . . . ] - / > „ ,

(21)

and are, for bcc crystals,

3 X», =  4  y5 ä ,  [«>" ( ä ? )  +  4  4>"(^ ä ? )

+  f  4 > " ( 4 « ? ) + . ..] + />„„

= - ^ - [ O 0 " ( R ? )  +  i > " ( ^ ? )

+  2 < P " ( f  * ? )  +  . . . ] - J>Mr,

/4 r  = ^ - [ 0 " ( / ! f )  +  O 0 " ( | R 5 )  (22)

+  8 0 " ( f R i )  +  .
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where R | is the nearest neighbor distance in the 
crystal. If just the &" (R y) term is included in the 
0 "-sum s of (21), elimination o f  P slr yields [13]

(23)

for the Milstein-Rasky model of a fee crystal. This 
relation has been shown [13] to be in better agree­
ment with experimental data for fee metals and 
inert gas solids than the Cauchy relation (20). 
Within the framework of the model represented by 
(1), (23) is equivalent to assuming that xv01 is zero, 
since (21) (with only the & " ( R j )  term included in 
the 0"-sum s)  can be combined with (14) and (15) 
to yield [9]

x - x voi =  10 /, ) , (24)

although (1) is not a necessary assumption in the 
derivation of (23). Milstein and Rasky [9] computed 
xv01 for a num ber of  fee metals, using (24) with 
experimental values of  the elastic moduli, and 
found that xvoi is frequently small com pared with x. 
A notable exception is Al, for which Xv0l ~  x so that

(25)

(For Al at 0 and 300 K, respectively, iu//u' =  0.83 
and 0.82.) The large contribution o f  k ,0\ to x in Al 
can be understood qualitatively from a lum inum ’s 
relatively high valence and small, closed-shell ionic 
core; i.e. the nearest-neighbor ionic cores are well 
separated, and the bulk modulus of  Al is mainly 
determined, not by interactions between neighbor­
ing ion cores, but by the distribution o f  the valence 
electrons which are scattered by the lattice of  ion 
cores in the crystal. This evidently causes the elastic 
behavior o f  Al to be anomalous, when compared 
with most other fee crystals [9].

Crystal M odels and Polycrystalline P o isson  R atios

We consider next the utility of  the model, re­
presented by (1), in describing the Poisson ratios of  
polycrystals. This model can be considered to con­
tain various “subsets” , two of  which, reviewed in 
the prior section, are the Cauchy solid, in which 
£ voi is neglected and the single crystal elastic moduli 
are related by (20), and the Milstein-Rasky model, 
in which xvoi is neglected and (23) holds. For 
the latter case. (9) and (23) combine to yield

£ =  (10 c, +  3)/9. and thus (10) and (11) become

a v =  (16 £ +  3)/15 (26)

and

a R=  5 c (10 c +  3)/(47 £ +  6); (27)

the Hill values of  i  are obtained from (13), and the 
Voigt, Reuss, and Hill values of v are readily com ­
puted by substituting the corresponding value of  i  
into (4). For this model. Fig. 1 shows the theoretical 
c-dependencies of vH and vh (indicated respectively 
as vH(M_R) and vh(M_R)). Figure 1 also shows the 
theoretical c-dependencies of the Hill values of  v for 
the Cauchy model (i.e. vH(C) and vh(C)), as well as 
fee experimental values of  polycrystalline Poisson 
ratios v, plotted versus experimental values of  the 
single crystal elastic moduli ratios First, it is 
interesting to note that, although (in principle) the 
experimental values of v should depend upon two of  
the ratios defined by (9), there is a definite ten­
dency for the experimental values of  v for the fee 
metals to decrease with increasing c. In fact, it is pos­
sible to draw a smooth, monotonically decreasing 
curve through all of the experimental data except 
those of Al, Pt (which would lie above the curve) 
and Th (which would be below the curve). Over the 
range of c-values of  interest for fee metals (i.e. 
C ^  0.5), the theoretical v values in Fig. 1 also de-

Fig. 1. Polycrystalline Poisson ratios v versus single crystal 
shear moduli ratio c. Each (circular) datum point re­
presents the average of experimentally based values of v 
found in the literature [23-27] for fee elements; the limits 
on the “error bars” denote the highest and lowest of the 
experimental values of v for the respective elements. The 
theoretical curves are the Hill averages in the Milstein- 
Rasky model, vH(M_R) and vh(M_R), and in the Cauchy
model. H (C) and vh(C). The triangle in the lower right
hand region designates the values of vH and vh for an fee 
Cauchy crystal with nearest neighbor interactions only.



F. M ilstein and A. M. Budek • Poisson Ratios o f Polycrystals 893

crease with increasing c. For the Milstein-Rasky 
model, the agreement between the theoretical Hill 
relations for v and the experimental data  is quite 
good in general, but the experimental v values are 
typically much higher than  the theoretical Hill 
values in the Cauchy model. In particular, among 
the fee metals, Al exhibits the worst fit to the 
Milstein-Rasky model (whereas the majority of the 
fee metals have even worse fits to the Cauchy 
model). Only Ir and Th agree with the Cauchy 
model better than with the Milstein-Rasky model 
(whereas the agreement in the latter model is satis­
factory for these elements). The theoretical values of 
v in the Cauchy model were calculated in a manner 
analogous to the calculation of the theoretical values 
of  v in the Milstein-Rasky model; i.e., from (9) and
(20), C— 1 -  2 c /3 ;  thus, (10) becomes

* v =  t » (28)

from which

vv =  j  (29)

for the Cauchy solid, independent of  the values of 
the single crystal elastic moduli ;  (11) becomes

a R =  5 c (3 — 2 £)/(5 £ +  6 ) ,  (30)

and vR, v’h , and vh for the Cauchy solid are com­
puted as a function of  q using (4), (13), (28), and
(30).

Equation (29) was noted “ in passing” by Hill [8], 
and according to Ledbetter [10], “ Schmid and Boas 
realized, as did Voigt, that Voigt’s average for the 
case C |2 =  C44 predicts inevitably that v =  1/4 for 
polycrystals. However, Schmid and Boas believed 
wrongly that other averaging methods would also 
predict v =  1/4” .

Figure 2 compares the Voigt lower limits, vV(q 
and v’v(m-r), and the Reuss upper limits, vR(C) and 
'R(M-R)' ° f  the polycrystalline Poisson ratios in the 
respective Cauchy and Milstein-Rasky models. The 
principal difference between the two models is in 
the vv values. For a given value of c in the range 
0 <  c <  3/8 (i.e. the range of  interest for most fee 
metals), v R ( C )  is bounded by vR(M_R) and v V ( m - r ) ,  

and thus the plot o f  vR(C) vs q does not differ 
markedly from the plots o f  vH(M_R) and vh(M_R) 
versus c.

The various theoretical polycrystalline Poisson 
ratios in the Cauchy and Milstein-Rasky models are 
also readily expressed uniquely as functions of £ or

£ = fJi/K

Fig. 2. Dependencies upon £ of the theoretical Voigt and 
Reuss polycrystalline Poisson ratios, vv and vR, in the 
Milstein-Rasky ( M - R )  and Cauchy (C) models. The 
experimental data are the same as in Fig. 1; the triangles 
show the values for an fee Cauchy crystal with nearest 
neighbor interactions only.

rj by use of

a v =  3(8 £ — 1 )/25 =  3 (2 17 +  3)/[5 (9 — 10 #/)] (31) 

and

a R =  5 C ( 9 C - 3 ) / ( 4 7 C - 9 )

=  15 / / / [ ( 9 -  10 rj) (3r j  +  2)] (32)

for the Milstein-Rasky solid and

a R=  15 C ( C - D / ( 5  C - 9 )

=  15 rj/[(3 r /+  2) (2 rj +  3)] (33)

for the Cauchy solid. Equations (31) — (33) were also 
used to compute the theoretical polycrystalline fee 
Poisson ratios as functions of £ and t]. Plots o f  v 
versus (  and t] (not shown, for the sake of  brevity) 
exhibit the following characteristics. The experi­
mental values of v tend to decrease with increasing
C, as they do with increasing There is more scatter 
in the plot of the experimental v-values versus the 
experimental ^-values, with no general pattern a p ­
pearing. The fit between the experimental data and 
the theoretical vH (C) and vH ( m - r )  curves also tends to 
be worse for the cases where C and tj are the inde­
pendent variables, rather than For all of  the fee 
metals, the experimental values of  v are greater than 
the values calculated in the Cauchy model (ir­
respective of  whether the experimental values o f  q, 
C or t] are used in the calculations), mainly owing to 
the very low, constant value of  vv . Particularly poor 
agreement between the experimental values of  v and
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Fig. 3. Polycrystalline Poisson ratios v versus For the 
bcc transition metals, each circular datum point represents 
the average of experimentally based values found in the 
literature [23-27]; the “error bars” denote the highest 
and lowest values. For the bcc alkali metals, the circular 
data points mark the experimental values of C and experi­
mentally based values of vH (computed using the experi­
mental values of x, /u, and //' [28]) at 78 K. The theoretical 
curves are the Voigt. Reuss, and Hill averages in the 
Cauchy model; the triangles on these curves mark the 
values for a bcc Cauchy crystal with nearest neighbor 
interactions only.

the theoretical Cauchy values of vH is found for the 
elements Pb. Au, Pd, Ag, Cu, and Pt when £ is 
chosen as the independent variable and for the 
elements Pb. Au. Pd. Ag. Pt. and Al when // is the 
independent variable. In comparing the experi­
mental values of v with vH(M_R), when £ is the 
independent variable, good agreement is found for 
Pb. Pd. Ag, Cu, Ni, and Ir and poor agreement only 
for Au. Pt. and Al; when t] is the independent 
variable, poor agreement is found for these latter 
three elements and Ir.

Figure 3 compares the theoretical behavior o f  the 
Poisson ratios in the general bcc Cauchy model with 
experiment. Again there is a tendency for the expe­
rimental values of  v to decrease with increasing <f, 
but there is more “scatter” in this “relationship” for 
the bcc than for the fee metals. In principle, the 
Cauchy model is reasonably well-suited to correlat­
ing v and c for Fe. W, and the alkali metals. The 
condition for isotropy in the Cauchy model of  cubic 
crystals is £ =  £ =  0.6 (rj =  1); when this occurs 
vv = v R. of course (as seen in Figure 3). For bcc 
crystals, the second nearest neighbor <Z>"(4/3 R ] )  
terms in (22) make relatively large contributions to

the elastic moduli // and x, and thus Milstein and 
Rasky [9. 13] did not attempt to determine a rela­
tion among the elastic moduli o f  bcc crystals (analo­
gous to (23) for fee crystals), independent o f  the 
particular form of  &.

Figures 1 - 3  show the values o f  v in the Cauchy 
and Milstein-Rasky models for crystals with given 
values of c. but the results shown do not ensure that 
any particular forms of E vo\ an d /o r  £ str will yield 
crystals capable of possessing the appropriate  values 
of  c. For example, for the Cauchy model at zero 
pressure, with nearest neighbor interactions only, 
for fee crystals (from (21))

C =  ] / 2 R } 0 " ( R 2l) / ( S ] / 2 R ] 0 " ( R } ) / 3 ) =  3/8

(similarly £ =  3/4), and for bcc crystals (from (22)), 
£ =  0 (and £ =  1). Thus, with a v and vv given by 
(28) and (29), (4), (28), and (30) yield, for the fee 
case

a R = 0.536. y.H =  0.568, and a h =  0.567, 

from which

vR =  0.273, vH =  0.261, and vh =  0.262, 

and for the bcc structure,

a R = 0. a H = 0.300. and a h =  0, 

from which

vR = 0.500, vh =  0.364. and vh =  0.500,

thereby reproducing the values o f  vv , vR, and vH 
obtained by Ledbetter. The behavior  of Cauchy 
crystals with nearest neighbor interactions is thus 
seen to be described by single points on the respec­
tive v vs £ curves. These points are indicated as 
“ triangles” for the fee structure in Figs. 1 and 2 and 
for the bcc structure in Figure 3. Ledbetter [1] ob­
served that the fee v value calculated in the nearest 
neighbor Cauchy model is smaller than experi­
mental values of  v for fee crystals. In Fig. 1 we see 
this to be associated with the fact that the value o f  £ 
for the nearest neighbor fee Cauchy crystal is too 
high (when compared with experiment) for all of 
the fee metals except Ir. Ledbetter [1] also noted 
that the “agreement with a central force value of  v is 
much better in the bcc case than in the fee case.” 
Figure 3 indicates that this result (which was based 
on the nearest neighbor model) is evidently “ fortu­
itous,” and not an indication that the general elastic 
properties of bcc crystals are reasonably described
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by a nearest neighbor Cauchy model. In fact, quite 
the contrary is true, since /u =  0 (and hence the bcc 
crystal is unstable for this model) [14]. Ledbetter [1] 
claimed that his “ results are contrary to MacDonald’s 
contention that ‘general properties of a crystal may 
not necessarily be realized on a nearest neighbor 
model.’” For Cauchy crystals, our results support 
“ M acDonald’s [15] contention.”

In the nearest neighbor approximation, the Mil- 
stein-Rasky and the Cauchy models are identical if 
the total pressure P is equal to the structural 
contribution PstT (i.e. P voi =  0); if  P =  0, this occurs 
for fee crystals where q =  3/8 ( (  =  3/4, rj =  1/2) (see
(21) in [9]). Thus, the respective theoretical M - R  
and C curves cross at £ =  3/8 in Figs. 1 and 2. If 
C <  3/8 (// <  y) in the Milstein-Rasky model, then 
P w\ <  0 (i.e. the £ voi contribution to £ bind “ forces 
the atoms together” while the £ str part “ pushes 
them apart,” when the total applied pressure is 
zero); conversely, if  q >  3/8, P vol >  0.

Figures 1 - 3  suggest that the description of  the 
single crystal elastic moduli and polycrystalline 
Poisson ratios in the Cauchy model can be improved 
significantly (when compared with the nearest 
neighbor approximation) by employing particular 
forms of  0  and carrying the summations beyond just 
nearest neighbors in (1 6 -1 8 )  or (21) and (22). 
As an example, we com pute v for fee and bcc 
Cauchy crystals for the complete family of  Morse 
functions,

0  (r) = D  [exp [ -  2 co (r -  /•„)] -  2 exp [ -  co(r -  r0)]},

(34)

where D, co, and r0 are empirical parameters; 
( d 0 / d / )  =  O at r =  r0; and &(r0) =  - D ,  the dis­
sociation energy o f  two atoms. In these com puta­
tions of  v, the lattice summations are over a suf­
ficiently large num ber o f  lattice sites to obtain con­
vergence to at least 5 significant figures. In addition, 
in order to allow the roles of  first and second 
neighbor interactions and the cumulative effect of 
more distant neighbor interactions to be examined 
explicitly, the computations of  the single crystal 
elastic moduli and the polycrystalline Poisson ratios 
are also made for the complete Morse family of  fee 
and bcc crystals with just nearest and next nearest 
neighbor contributions.

The Morse function was selected for this example 
for the following reasons. It has been widely used in 
describing crystal elasticity, often with remarkably

accurate results (numerous examples are given in 
the review article by Milstein [16]; see also [17] and 
[18]); specific parameters D, co, and r0 have been 
determined from experimental values of  atomic 
volume and single crystal elastic moduli for a 
number of cubic crystals [19-21] ;  the general elastic 
properties, including stability, of the complete Morse 
family of  bcc and fee single crystals have been 
studied over wide ranges of  pressure [11, 12, 14], 
Another useful and interesting characteristic o f  the 
Morse function is that it conveniently permits the 
modeling of interatomic interactions that range 
from the “nearest neighbor” limit (for the case 
ß  =  ex p (« /-0) —► oo) to the “continuum ” limit (for 
ß -*■ 16) [11]. Thus the param eter  ß  serves as an 
effective potential range indicator; larger values of ß  
mean shorter range and steeper functions 0  (/-). That 
is, as ß  becomes large, the nearest neighbor distance 
in the unstressed crystal approaches the value that 
would exist in the limiting approxim ation of  nearest 
neighbor interactions only. As ß  decreases, the ratio 
r0/R]  increases; thus, the distance from the origin to 
the potential m inim um  becomes larger, relative to 
/?]. In other words, the potential becomes “ longer 
range” and “shallower.” The intermediate values, 
say ln ß  ~  3 to 8, provide the most realistic models 
of  actual crystals [19-21].

For the Morse model, the dimensionless ratio £, 
(as well as C and rj) depends uniquely upon the 
parameter ln ß, the applied pressure, and the crystal 
structure; this was demonstrated, and the depen­
dencies were computed, by Milstein and Hill [11,
12]. It is therefore straightforward to use their zero 
pressure computations (see Fig. 11 in [12]) to deter­
mine the theoretical polycrystalline Poisson ratios as 
unique functions of  ln ß  for the complete Morse 
family of  fee and bcc crystals. This was done and 
the results are shown in Figs. 4 and 5. The range of 
q for fee Morse function crystals was found to be 
0.067 ^  ^  0.375 (the lower limit is for small ln ß\  
the upper limit is for large ln ß  — i.e. the “nearest 
neighbor limit” ). As is indicated in Fig. 4, the 
Morse function achieves the theoretically possible 
relations shown in Figs. 1 and 2 over the ranges of 
interest for most fee crystals (Ir is the exception). 
For elastically stable (i.e. // >  0) bcc crystals with 
Morse function interactions between atoms, how­
ever, 0 <  q ^  0.2 where q >  0 if and only if 
In/? < 4 .517 ; the upper limit corresponds to small 
ln ß. The very small range of  positive c values in the
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Fig. 4. Polycrystalline Poisson ratios for fee crystals. The 
curves vR, vh, and vH represent the Reuss and the two Hill 
theoretical values for fee M orse function crystals in which 
the 0 "-la ttic e  sum m ations are sum m ed to convergence 
(and the pressure PstT is zero). The curves labeled v^’2, 
vh'-2, and v/f2 give the contributions to vR, vh, and vH, 
respectively, o f the com bined first and second nearest 
neighbor ^ " -in te rac tio n s; the curves labeled with the 
superscript 1 give the respective contributions o f the 
nearest neighbor interactions only. (vv is 1/4 irrespective of 
the sum m ing details.) The experim ental d a ta  are the same 
as in Figs. 1 and 2; the In ^-abscissa scale applies to all of 
the theoretical curves (including the v1 ’2 curves); the q- 
abscissa scale applies to the experim ental da ta  and to the 
vR, vh, and iy curves.

Morse model of  bcc crystals limits its applicability 
only to the far left portion of Fig. 3; i.e., am ong the 
bcc crystals, the Morse model provides a reasonable 
description of the alkali metals only. The difficulty 
in describing the shear moduli / 1 of  bcc crystals in 
the framework of  a purely central force model is 
characteristic of such models in general [22], not just 
the Morse model, owing to the zero coefficient of 
the leading term in the «^''-summation for //str [see
(22)]. Further insight can be obtained by examining 
explicitly the roles of  nearest and next nearest
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Fig. 5. Polycrystalline Poisson ratios for bcc crystals. The 
values indicated for the alkali m etals are the sam e as in 
F igure 3. The caption o f Fig. 4 explains the labeling o f the 
curves and the applicability  o f the two abscissa scales.

neighbor interactions in bcc and fee Cauchy crystals, 
as follows.

If e  represents the ratio of the second nearest 
neighbor 0 " - te rm  to the first nearest neighbor <P"~ 
term in (21) and (22) (i.e. e = <P" (2 R])/ (p"  (7?y) for 
fee and e =  (P" (4/3 R})/<P" (R\ )  for bcc), then for 
Cauchy crystals with first and second nearest neigh­
bor interactions only,

£ =  (3/8 +  3 e ) / ( l  +  2e)  (35)

for fee, and

£ =  2 e/(l + 4  e/3) (36)

for bcc. (Likewise \  +  4 e  for fee and // =  2 e for 
bcc.) If q represents the ratio of  the second to first 
neighbor distances (i.e. q =  |/2 for fee and |/473 
for bcc), from (34) and the definition o f  s,

ß e 2cjR]i' - Q)( 2 a j R ] Q+ \ ) - e ü)R̂ 2~e){(oR]Q+  \) 

[ ß ( 2 c o R ] + \ ) - e wR]( c o R l + \ ) ] Q ^
(37)

for the Morse function. For Morse function cubic 
crystals, the quantity to R x depends uniquely upon ß  
and the type of crystal structure (see Fig. 2 in [11]); 
thus, the value of e  depends uniquely upon ß  and 
crystal structure. The dependence of  e upon ln ß  
(calculated from (37) with Milstein and Hill’s [11]
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In ß

Fig. 6. R atio  o f <Z>" {R})/&" {R\) versus ln ß for fee and 
bcc crystals in w hich the atom s in teract via the Morse 
function (34); &"  is the  second derivative of <£> with 
respect to the square o f  interatom ic distance (r 2) and 
and R2 are the nearest and second nearest neighbor 
distances in the crystals.

computed values of  co R \ vs ln ß)  is shown in Fig. 6 
for the fee and bcc structures. (Throughout most of 
this plot, the magnitude of  e is greater for bcc than 
for fee, thus illustrating the relatively greater im ­
portance o f  second nearest neighbor interactions in 
bcc crystals.) The values of e shown in Fig. 6 are then 
used with (35) and (36) to compute £ versus ln ß\ 
the values of  £ are then used to compute the a- 
values ((13), (28), and (30)), which in turn are used 
to determine the theoretical v-values (4); these 
(combined) nearest and next nearest neighbor Morse 
model computations o f  v are also shown in Figs. 4 
and 5 (i.e. the v-values labeled with the superscripts 
1,2). For the fee case (Fig. 4), for ln ß  ^  6, the 
combined first and second nearest neighbor contri­
butions to the theoretical v values are very close to 
the values obtained when the lattice sums are taken 
to convergence; the combined first and second 
neighbor approximations to vR, vH, and vh tend to 
diverge from the “ full sum m ation” v values for 
ln ß  Ü 5; this is consistent with the interpretation of 
In /? as a potential range indicator. For most fee 
metals, the agreement between the experimental 
values of v and the theoretical values computed in 
the Morse model is best when the sums are taken to 
convergence. This is also the case for the bcc alkali 
metals shown in Fig. 5 (although, as mentioned 
earlier, the nearest neighbor Hill value vh fortu­
itously agrees well with experiment).

We return now to the more general model re­
presented by (1). Figure 1 (i.e. vH (M - r ) and vh(M_R))

suggests that this model is capable of  good agree­
ment between theoretical and experimental elastic 
behavior, provided that appropriate  forms of  £ vol 
and £ str can be determined. As a specific example, 
we conider the forms proposed by Milstein and 
Rasky [9] for the noble metals, based upon concepts 
of pseudopotential theory. The volume-dependent 
part of the binding energy was written as

£voi =  £ fe  +£*s +  Eqc i (38)

£ fe (which includes the kinetic, exchange, and cor­
relation contributions to the energy of  the free- 
electron gas) is given by a standard form, i.e.,

£ fe =  z [5 .7 4 2  ( z / Q )2/3 -  1.477 { z / Q ) 1/3

-0 .0 3 1  l n ( r / ß ) 1/2- 0.130]. (39)

(The units are rydbergs and Bohr radii a0 for 
energies and lengths, respectively; z is the valence.) 
The electrostatic energy of  interaction of a lattice of 
positive ion cores (treated as point ions) with the 
valence electrons (treated as a uniform negative 
background) was written as

E*  =  — ö z 2/ Q  1/3, (40)

and the effect of the finite-ion core size on the 
electrostatic attraction between the ion cores and 
valence electrons was taken into account by a core 
correction term of  the form

Ecc =  y z 2/ a .  (41)

The parameters Ö and y are treated as adjustable 
constants; for Cu, Ag, and Au, respectively, [9] 
<5 =  4.1859, 7.4018, and 20.638 Ry a0 and y =  5.3344, 
36.823, and 144.26 Ry al .  The structural part of  the 
binding energy was taken as a sum over Born-Mayer 
interactions,

£str =  { X ^ - '8('v/?I-,), (42)
r

where the r values are the distances between the 
origin atom and its neighbors, A and B are adjust­
able parameters, and R x is the nearest-neighbor 
distance. [Although three constants A, B , and 
appear in the Born-Mayer interaction (as it is 
normally written), there are of  course only 
two “real” adjustable parameters, A' =  A e B and 
B' =  B/R\ . ]  For Cu. Ag, and Au, respectively, [9], 
A =  6.6397 x 10“ 3, 4.6598 x 10~3, and 3.2660 x 10~3 Ry 
and B =  13.167, 14.697, and 16.297. Although the 
model has only four adjustable constants (<5, y, A , B), 
it was able to fit the experimental values of  the OK 
elastic moduli x, //, and \x' and atomic volumes Q
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(at zero pressure); it also yielded good agreement 
between experimental and com puted P - Q  relations 
and the pressure derivatives o f  x, n, and n' [9]. In 
particular, the elastic moduli (in units o f  1012 
dyn /cm 2) of Cu, Ag, and Au, described by the 
above model, are (respectively) x — 1.420, 1.087, and 
1.803, fi =  0.2565, 0.171, and 0.1595, and / /  =  0.818,
0.511, and 0.454. Substituting these values into 
(9 -1 1 )  and (13) yields (for Cu, Ag, and Au, 
respectively) av =  0.418, 0.345, and 0.186, a R =  0.307,
0.262, and 0.145, a H =  0.363, 0.303, and 0.166, and 
a h =  0.358, 0.301, and 0.164, from which vv =  0.317,
0.345, and 0.412, vr =  0.361, 0.380, and 0.431, 
vH =  0.338, 0.362, and 0.422, and vh =  0.340, 0.363, 
and 0.422. Upon comparing the above theoretical 
values of vH or vh with the experimental values of v 
for Cu, Ag, and Au (i.e. 0.345, 0.372, and 0.427, 
respectively -  see Fig. 1), we note that there is 
excellent agreement. This o f  course is not surprising 
since the particular model describes the general 
elastic behavior o f  the single crystal noble metals 
very well [9]. Our main purpose in carrying out 
these computations for the noble metals is to dem ­
onstrate explicitly the efficacy of  the model re­
presented by (1) in the description of polycrystalline 
Poisson ratios, particularly in view of  Ledbetter’s [1] 
finding to the contrary; the differences are likely 
owing to the detailed nature of  the specific forms of
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